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Abstract. We present a comparative study of the Hubbard and t − J models far away from half-filling.
We show that, at such fillings the t − J Hamiltonian can be seen as an effective model of the repulsive
Hubbard Hamiltonian over the whole range of correlation strength. Indeed, the |t/U | ∈ [0,+∞[ range of
the Hubbard model can be mapped onto the finite range |J/t| ∈ [1, 0] of the t − J model, provided that
the effective exchange parameter J is defined variationally as the local singlet-triplet excitation energy. In
this picture the uncorrelated limit U = 0 is associated with the super-symmetric point J = −2|t| and the
infinitely correlated U = +∞ limit with the usual J = 0 limit. A numerical comparison between the two
models is presented using different macroscopic and microscopic properties such as energies, charge gaps
and bond orders on a quarter-filled infinite chain. The usage of the t−J Hamiltonian in low-filled systems
can therefore be a good alternative to the Hubbard model in large time-consuming calculations.
PACS. 71.10-w Theories and models of many-electron systems – 71.10.Fd Lattice fermion models
1 Introduction
In the last decade a renewed interest has been observed,
in the study of simple models such as the Heisenberg
model [1], Hubbard [2] or extended Hubbard model, the
t− J model [3], etc. This attraction is related to the syn-
thesis by solid state chemists in the last two decades, of
a large number of strongly correlated systems presenting
very attractive low energy properties, often directly linked
to the correlation effects. It is enough to say that these
simple models are considered pertinent for the descrip-
tion of systems such as organic conductors [4] or high Tc
super-conductors [3] to understand the importance of their
study.
Among these models the Hubbard (or extended Hub-
bard) model is often considered as a reference since it has
been built to reproduce the physics over the whole range
of correlation strength, from delocalized to strongly cor-
related systems. The other models, for instance the spin
models, are then considered as effective Hamiltonians of
the Hubbard one under certain conditions. In particular
the spin models, Heisenberg and t − J are unanimously
recognized as effective description of the valence physics
in the large correlation limit (U/t −→ ∞ where U is the
on site Coulomb repulsion and t the nearest neighbor hop-
ping integral). Indeed, in a half-filled, one-band Hubbard
model
HHub = t
∑
<i,j>
∑
σ
(
a†i,σaj,σ + a
†
j,σai,σ
)
+ U
∑
i
ni,↑ni,↓
(where a†i,σ, ai,σ and ni,σ are the usual creation, annihila-
tion and number operators of an electron of spin σ on site
i, and < i, j > symbolizes sites linked by the delocaliza-
tion process), the probability of a site double occupancy
rapidly decreases as 4t2/U2, in the large U/t regime. The
valence configurations involving sites double-occupancies
are therefore negligible and can be excluded from an ex-
plicit representation, provided that their effects on the
other configurations (involving only singly-occupied sites
or vacant sites) is reproduced. As it is well known, this is
exactly what is achieved by the Heisenberg Hamiltonian
HHeis = −J
∑
<i,j>
P (Si.Sj − 1/4 ninj)P
= −J
∑
<i,j>
P
(
a†i,↑a
†
j,↓ − a†i,↓a†j,↑√
2
)(
ai,↑aj,↓ − ai,↓aj,↑√
2
)
P
= −J
∑
<i,j>
PSg†(i, j)Sg(i, j)P
where Sg†(i, j) (resp. Sg(i, j)) is creating (annihilating) a
singlet on the i, j bond and P =
∏
i (1− ni↑ni↓) is the
projector over all configurations excluding the double oc-
cupancy of a site.
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Doping the system in holes (resp. in electrons) adds a new
delocalization possibility for the particles which can thus
be described by the so-called t− J model
Ht−J = t
∑
<i,j>
∑
σ
Pa†i,σaj,σP − J
∑
<i,j>
P (Si.Sj − 1/4 ninj)P
= t
∑
<i,j>
∑
σ
Pa†i,σaj,σP
−J
∑
<i,j>
P
(
a†i,↑a
†
j,↓ − a†i,↓a†j,↑√
2
)(
ai,↑aj,↓ − ai,↓aj,↑√
2
)
P
This simple derivation is very well known and the t − J
model which is thus considered as the strongly correlated
effective Hamiltonian of the Hubbard model away from
half-filling.
In this paper we would like to come back on this as-
sumption and show that the t − J model can be seen as
an effective model for the Hubbard Hamiltonian over the
whole range of correlation strength, provided that one is
far enough from half-filling.
The next section will be devoted to the physical justi-
fication and analytical development of the above assump-
tion using the effective Hamiltonian theory [5]. Section
three will assert the validity of the t− J versus Hubbard
equivalence for low-filling systems through numerical com-
parisons (energies, gaps, bond-orders) of a quarter-filled
dimerized chain in the Hubbard and t − J models, for
the whole range of correlation and dimerization strengths.
Eventually the last section will discuss the limitations of
an effective Hamiltonian reduced to two-bodies interac-
tions.
2 A variational effective exchange integral
We would like to start by drawing the attention of the
reader on the reasons supporting the validity of the Heisen-
berg Hamiltonian as an effective model of the Hubbard
Hamiltonian in the strongly correlated limit. The crucial
point is that this is not not the value of the correlation
strength which is important, but rather the fact that the
probability of sites double-occupancies is very small in the
ground state and low lying excited states wave functions.
The relevance of this distinction appears mainly away
from half-filling. Indeed, while in half-filled systems the
low probability of the double occupancy is a direct conse-
quence of the large correlation, far from half-filling this is
no longer the case. Actually, for low-filled systems (and
equivalently by hole particle symmetry for nearly-filled
systems) the configurations associated with site(s) double-
occupancies are negligible independently of the correlation
strength. One can indeed verify that even in the non in-
teracting regime (U = 0), where the double occupancies
on a site are the most probable over the whole range of
correlation strength, the wave-function of a η-filled sys-
tem yields a statistical weight for double occupancies on
a site of η2. Although it does correspond to a quite-large
contribution at half-filling (η2 = 1/4), it becomes rapidly
very small when the filling is reduced, with a value of
only η2 = 1/16 = 0.0625 for the quarter-filling case. Since
the electron-electron correlation can only reduce this num-
ber, it seems justified to exclude the explicit reference to
double-occupancies in the wave-function of low-filled (or
nearly-filled, using the hole/particle symmetry) systems.
However, as in the Heisenberg limit, simply projecting out
the double occupancies on a site would not give the correct
physics and the effects of these double occupancies on the
other states should be effectively reproduced. As we have
seen, this is exactly the role of the effective exchange in-
tegral in the Heisenberg model as well as the t−J model,
that is to lower the local singlet states compared to the
local triplet ones, setting the energy of the neutral rep-
resentation of a local singlet
(|ab¯〉 − |a¯b〉) /√2 to − J
compared to the local triplet
(|ab¯〉+ |a¯b〉) /√2 that lies at
0. In the strongly correlated limit the singlet-triplet excita-
tion energy is evaluated perturbatively. However, since we
would like to derive an effective model valid over the whole
range of correlation strength, perturbative evaluations of
the effective exchange have to be excluded. We will there-
fore use locally the principle of the effective Hamiltonian
theory [5] (reproduction by the effective Hamiltonian of
the exact eigen-energies and projection of the exact eigen-
states over the model space : HeffPΨexact = EexactPΨexact) in
order to derive a variational evaluation of the main effects
of double-occupancies on a site (from now on denoted as
DOC) on the low energy states (for a more detailled de-
scription one can refer to ref. [6]).
Summarizing the previous discussion we can conclude
that far away from half-filling, the configurations includ-
ing site(s) double-occupancies can be excluded from an ex-
plicit treatment, provided that their main effect, the lower-
ing of the local singlets compared to the local triplets, are
reproduced by an effective exchange integral. We therefore
see that the Hubbard Hamiltonian can be modeled by the
t − J Hamiltonian in the low-filling regime, providing a
non perturbative effective exchange integral, J(t, U). The
simplest way to derive J(t, U) is to impose that it repro-
duces the variational local singlet-triplet energy difference
on a bond (two sites, two electrons). The Hubbard model
yields E(Sg) =
(
U −√U2 + 16t2) /2, E(Tp) = 0, it comes
J(t, U) =
U −√U2 + 16t2
2
(1)
Let us note that we retrieve for large values of t/U the
perturbative evaluation of J : −4t2/U as the first term of
the Taylor expansion in t/U . For the non-correlated limit
the expansion should be done in terms of U/t and it yields
J =
U −√U2 + 16t2
2
≃ −2|t|
that is the value of J for the super-symmetric point. The
super-symmetric point of the t − J model (the only one
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to be exactly soluble [7]) therefore appears as an effec-
tive description — on the model space projecting out all
site(s) double-occupancies — for the tight-binding Hamil-
tonian. In this perspective the results of Yokoyama et al [8]
about the super-symmetric point properties showing that
it realizes a Fermi-Liquid state or free Luttinger liquid and
behaves in all points as a free-electrons gas seem quite nat-
ural. Meanwhile, the effective Hamiltonian theory states
that the ground-state wave-function of a properly defined
effective Hamiltonian should be the projection over the
model space of the exact Hamiltonian one [5]. This prop-
erty agrees nicely with the results of Yokoyama et al [9]
that shows that the Gu¨tzwiller state is the ground state
of the t− J model at the super-symmetric point. In other
words the projection of the free-electron wave-function
onto the space excluding all double occupations on a site
is the t− J ground state for J(t, U = 0).
We would like to point out that the effective exchange
J(t, U) valid to represent the repulsive Hubbard model is
boundered and varies from J(t, U = 0) = −2|t| for the non
correlated limit to J(t, U = ∞) = 0 for the strongly cor-
related limit. Let us note that these boundaries excludes
the whole range of parameters for which phase separation
phenomena occur. It should also be noted that the ar-
guments leading to the effective exchange J(t, U) is not
specific to the dimension one and should be expected to
hold in all dimensions, at least for non frustrated systems.
Apart from the effective exchange effect, it is known
from perturbative expansion at large correlation strength,
that the DOC induce effective 3 bodies interactions of
lesser importance.This point will be discussed in section
four and a way to obtain a variational evaluation of these
terms will be proposed.
3 The dimerized quarter-filled chain
In this section we will show numerically that the equiva-
lence between the Hubbard and t− J models really holds
for all values of the correlation strength and for all pos-
sible dimerizations. For this purpose we will compare the
following low energy properties of a quarter-filled chain in
the two models.
– The behavior of the total energy per site as a function
of t/U and the dimerization amplitude δ. This point
can be crucial for a good representation of phase transi-
tions in systems presenting a more complex topological
graph.
– The charge gap. This criterion will attest for a good
low energy spectroscopic behavior.
– The effective bond order, as it testifies for the wave
function behavior.
The calculations will be done using the infinite sys-
tems Density Matrix Renormalization Group (DMRG)
method [10]. We choose the number of states kept in the
renormalized blocks in such a way that for each model the
10-sites system is treated exactly. The Hubbard model will
therefore be described with 256 states and the t − J one
with only 100 states. These numbers of states kept per
renormalized block correspond to a sum of the discarded
states weights always smaller than 1× 10−7, for the Hub-
bard model, and smaller than 1×10−5, for the t−J model.
These results are for small dimerization values and small
correlation values, that is for the most difficult cases in
terms of the DMRG algorithm convergence and precision.
These small values of the discarded states weight insures
the good convergence of our results, even-though we did
use the infinite size DMRG algorithm.
The dimerization amplitude is defined as
δ = (tl − tw) /tl
where tl is the large hopping integral and tw is the weak
one.
3.1 Energies per site
The energies per site have been extrapolated with respect
to the number of sites in the chain and are presented on
figure 1 as a function of the correlation strength U/(U+4 |
tl |). Different values of the dimerization factor δ have been
investigated starting from the weakly dimerized chain δ =
0.05 up to the strongly dimerized one δ = 0.75.
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U/(U+4tl)
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δ=0.3
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δ=0.75
Fig. 1. Energies per site as a function of U/(U + 4|tl|) and δ
for the Hubbard (stars) and t− J (circle) models, in tl units.
We see on figure 1 that the agreement between the
two models is quite good. Both the variations as a func-
tion of the correlation strength and the dimerization am-
plitude are well reproduced. The maximal relative error
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between the Hubbard and t − J total energies per site is
only 0.03. As expected, the large U/ | tl | asymptotic limit
is well reproduced by the t− J model for all values of the
dimerization. A little less obvious is the very good nu-
merical accuracy found for the non-interacting limit. The
relative error found between our computed t − J values
and the exact free electron solution is bounded by 0.004
and can probably be imputed for its greatest part to the
DMRG procedure (which is known to have its worse con-
vergence properties for the non correlated limit). Actually,
the largest errors occur in the region of intermediate cor-
relation strength (U/t ≃ 4) and for small dimerization. As
the dimerization increases and for a given U/t ratio, the
t− J model fits better and better the Hubbard one. This
point can be easily understood if one remembers that the
three bodies terms, neglected in the t − J Hamiltonian,
should decrease as a function of the dimerization ampli-
tude.
3.2 Charge Gaps
We computed the charge gaps ∆ρ, as the extrapolated
difference toward the infinite system limit, between the
ionization potential (IP) and the electron affinity (EA).
If E(Nsite, Ne) is the energy of a finite Nsite sites sys-
tem with Ne electrons, the charge gap is written as the
following :
∆ρ = lim
Nsite−→∞
{E(Nsite;Nsite/2 + 1) +
E(Nsite;Nsite/2− 1)− 2E(Nsite;Nsite/2)}
The Hubbard and t− J gaps are presented on figure 2 as
a function of the correlation strength U/(U +4 | tl |), and
for 4 different values of δ.
One sees immediately that the dimerization gaps ex-
hibit the same general behavior for the Hubbard and the
t−J model. The response both as a function of the dimer-
ization amplitude and the correlation strength are very
similar and quite close in absolute values even if the gaps
are slightly larger in the t−J model than in the Hubbard
one. For the large U asymptote in the Hubbard model,
it is noticeable that the DMRG procedure fails to gives
good estimations of the dimerization gaps. This failure
has already been observed [11] and may find its origin
in a lack of numerical accuracy when the absolute val-
ues involved in the gap calculations become too large. For
large-U and large-δ, Penc and co-workers [12] have shown
that the charge gaps are expected to coincide with a 2 ∗ δ
asymptote. It can be seen from figure 2 that this large-U
limit is rather well verified even for intermediate δ. It is
noticeable that in the non-interacting limit the t−J effec-
tive model exhibits the proper exponential behavior as a
function of the correlation strength and the dimerization
amplitude.
0.0 0.2 0.4 0.6 0.8 1.0
U/(U+4tl)
0.0
0.5
1.0
1.5
∆ c
/t l
Hubbard model
δ=0.75
δ=0.50
δ=0.30
δ=0.05
0.0 0.2 0.4 0.6 0.8 1.0
U/(U+4tl)
0.0
0.5
1.0
1.5
∆
c
/t l
t−J model
δ=0.75
δ=0.50
δ=0.30
δ=0.05
Fig. 2. Charge gaps ∆ρ in tl units calculated within the Hub-
bard and t − J models. Each curve corresponds to a different
value of δ, going from the weakly dimerized limit δ = 0.05 to
the strongly dimerized one δ = 0.75
3.3 Bond orders
We computed the bond orders for the Hubbard model and
t−J model. However one can expect that the elimination
of the explicit reference to the DOC in the wave-function
will strongly affect the values of the bond order. Indeed,
over a < i, j > bond, the different configurations that
contribute to the bond order are
– the local one-electron doublets which are explicitly treated
in the t−J model, and contribute for 1/2 for the bond-
ing one and −1/2 for the anti-bonding one,
– the local triplet which is explicitly treated in the t− J
model and has a zero contribution to the bond-order,
– the essentially neutral, ground state singlet which is
effectively treated in the t − J model and has a zero
contribution to the bond-order when the DOC states
are ignored, but has a real contribution of 4|t|√
U2+16t2
=
2|tJ|
t2+J2
when the DOC are taken into account,
– the essentially ionic singlets that are ignored in the
t − J model since their contribution is very small in
the wave function and has a real contribution to the
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bond order of −4|t|√
U2+16t2
= −2|tJ|
t2+J2
for the symmetric one
and of 0 for the antisymmetric one,
– the three electrons doublets that are ignored in the
t−J model because of their very low occurrence in the
system wave function and should have a contribution
to the bond order of 1/2 for the bonding one and of
−1/2 for the anti-bonding one.
One sees immediately that in order to have a reasonable
evaluation of the bond order in the t−J model one should
at least add an effective term setting up to the correct
value the contributions of the quite probable local neu-
tral singlets. We will therefore define the effective t − J
bond order as the true t − J bond order plus the exact
contribution of the essentially neutral singlets, that is
pˆ =
1
2
∑
<i,j>
∑
σ
(
a†i,σaj,σ + a
†
j,σai,σ
)
+
2|tJ |
t2 + J2
∑
<i,j>
Sg†(i, j)Sg(ij)
Figure 3 shows the bond-order for the Hubbard model
and the effective bond-order for the t − J model, for the
whole range of correlation strength and dimerization val-
ues.
The effective bond order of the t−J model behaves rea-
sonably well both as a function of the correlation strength
and the dimerization. Both the strongly correlated limit
and the U = 0 limit of the Hubbard model are very well
reproduced by the t − J model. As for the energies, the
major discrepancies between the two models are in the
moderately delocalized regime, typically between U/t = 2
and U/t = 4, and for low dimerizations where the effective
t− J bond order is slightly too rapidly decreasing.
One can conclude from the previous results that the
t− J model reproduces quite well the low energy physics
of the Hubbard model in the low filling regime, over the
whole range of the correlation strength, provided that the
exchange integral as well as the other observables are de-
fined so that to effectively take into account the main ef-
fects of the DOC states.
4 The three bodies terms
From the perturbative expansion of the Hubbard model in
the strong correlation limit, we know that the exact effec-
tive model excluding all DOC states should involve three,
four, . . . , n bodies terms. After the dominant first neigh-
bor effective exchange of the t−J model, second neighbor
hopping and three bodies terms appear at the second order
of perturbation. These secondary terms which are negligi-
ble near the complete or the very low fillings have a max-
imal probability of occurrence at 1/3 filling (at U = 0).
0 0.2 0.4 0.6 0.8 1
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0.0 0.2 0.4 0.6 0.8 1.0
U/(U+4tl)
0.0
0.1
0.2
0.3
0.4
0.5
B
o
n
d
 o
rd
er
t−J
δ=0.05−SB
δ=0.05−LB
δ=0.5−SB 
δ=0.5−LB
δ=0.75−SB
δ=0.75−LB
Exact
Fig. 3. Bond orders p calculated within the Hubbard model
and renormalized bond order calculated within the t−J model.
Circles correspond to the short bonds (SB) and stars to the
long bonds (LB).
However their relative importance compared to the local
singlet or triplet terms raises as (1 − η)2 as a function of
the filling η. In the very low filling regime, these terms
are therefore negligible, however in the same way as the
local singlets and triplets. In the low, but not too low
filling regime, one can expect that these terms may ac-
count for some secondary corrections. Indeed, in the 1/4-
filling regime used to exemplify this work, they have (for
U = 0) a total probability of occurrence of 0.0198. One
can therefore expect that these terms may account for a
large amount of the small quantitative discrepancies ob-
served between the Hubbard and effective t − J models.
Therefore, if one would like a more quantitative represen-
tation of the Hubbard model on the states excluding all
double occupancies on a site, one should add to the t− J
Hamiltonian a second neighbor hopping and a three body
term.
H3b = t
∑
<i,j>
∑
σ
P
(
a†i,σaj,σ + a
†
j,σai,σ
)
P
−J/2
∑
<i,j>
P (a†i,↑a
†
j,↓ − a†i,↓a†j,↑)(ai,↑aj,↓ − ai,↓aj,↑)P
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+t2
∑
<i,j,k>
∑
σ
P
(
a†i,σak,σ + a
†
k,σai,σ
)
nj,σ¯(1− nj,σ)P
+K
∑
<i,j,k>
P
(
a†i,σak,σ¯ + a
†
k,σai,σ¯
)
a†j,σ¯aj,σ(1− nj,σ¯)P
where the sum over < ijk > runs over all three nearest
neighbor sites. As for the effective exchange J(t, U) of the
t − J Hamiltonian, the J , t2 and K parameters of H3b
can be variationally derived as a function of Hubbard t
and U , from the low energy spectroscopy (between the six
essentially neutral states) of the three sites, two electrons
fragment. It comes
J =
U
2
−
√
U2 + 16t2 +
√
U2 + 8t2
4
t2 = −K =
√
U2 + 16t2 −√U2 + 8t2
8
It should be noted that we are no more in a t − J
model and that the free electrons system now maps onto
a three body model with parameters J = (1 +
√
2) |t|,
t2 = (1−
√
2)/2 |t| and K = −(1−√2)/2 |t|.
5 Conclusion
The t− J model is a well known effective Hamiltonian of
the Hubbard model in the strongly correlated limit. We
have shown in this paper that the t − J model can be
seen as such, as long as the double occupancies of a site
have a very low probability of occurrence in the ground
and low excited states of the system. This is in partic-
ular the case for low filled bands (or nearly filled band
using electron-hole symmetry), whatever the value of the
correlation strength. We have proposed a variational eval-
uation of the effective exchange J(t, U) so that it insures
the proper excitation energy between the local singlets
and triplets. Using this effective t − J(t, U) model, we
have shown on an infinite quarter filled chain, that the
total energy per site, the charge gaps as well as the bond-
orders behave similarly than in the Hubbard model, over
the whole range of correlation strength and dimerization.
The agreement is not only qualitative, but also quantita-
tive, the small discrepancies seen in the intermediate low
(but not too low) correlation regime being analyzed as
due to the neglected three bodies terms. It is interesting
to point out that the super-symmetric point of the t − J
model corresponds to the effective representation of the
uncorrelated limit, U = 0, yielding as a natural conse-
quence to the effective Hamiltonian theory, its surprising
Fermi liquid behavior.
References
1. W. Heisenberg, Z. Phys. 49, 609 (1928) ;
J.H. Van Vleck, The theory of electric and magnetic sus-
ceptibilities, Oxford University Press, Oxford, (1932).
2. J. Hubbard, Proc. R. Soc. 276 238 (1963).
3. P.W. Anderson, Science 235 1196 (1987) ; F.C. Zhang
and T.M. Rice, Phys. Rev. B 37 3759 (1988).
4. K. Bechgaard, C. S. Jacobsen, K. Mortensen, M. J. Ped-
ersen, N. Thorup Solid State Com. 33 1119 (1980) ; K.
Bechgaard, K. Carneiro, F. G. Rasmussen, K. Olsen, G.
Rindorf, C. S. Jacobsen, H. J. Pederson, J. E. Scott,
J. Am. Chem. Soc. 103 2440 (1981) ; D. Je´rome, A.
Mazaud, M. Ribault, K. Bechgaard, J. Phys. Lett. 41
L95 (1980).
5. C. Bloch, Nucl. Phys. 6, 329 (1958) ;
J. des Cloizeaux, Nucl. Phys. 20, 321 (1960) ;
B.H. Brandow in Effective intercations and operators in
Nuclei, vol. 40 of the Lecture Notes in Physics, p. 1, ed.
B.R. Barrett, Springer, Berlin (1975) ;
V. Kvasnicka in Advanced in Chemical Physics,
vol. XXXVI, p. 345, ed. I. Prigogine and S.A. Rice, Wi-
ley, New-York (1977) ;
I. Lindgren and J. Morrison in Atomic many-body the-
ory, Springer Series in Chemical Physics, vol. 13, p. 360,
Berlin-Heidelberg (1982).
6. M.-L. Doublet and M.-B. Lepetit, J. Chem. Phys. 110,
1767 (1999).
7. B. Sutherland, Phys. Rev. B 12,3795 (1975) ;
P. Schlottmann, Phys. Rev. B 36, 5177 (1987) ;
P.A. Bares and G. Blatter, Phys. Rev. Letters 64, 2567
(1990) ;
N. Kawakami and S.K. Yang, Phys. Rev. Letters 65,
2309 (1990).
8. H. Yokoyama, M. Ogata, Phys. Rev. B 53 5758 (1996) ;
P. A. Bares, G. Blatter, Phys. Rev. Lett. 64 2567 (1990).
9. Y. Kuramoto and H. Yokoyama, Phys. Rev. Letters 67,
1338 (1991) ; H. Yokoyama and M. Ogata, Phys. Rev.
Letters 67, 3610 (1991).
10. S. R. White, Phys. Rev. Lett. 69 2863 (1992) ; S. R.
White, Phys. Rev. B 48 10345 (1993).
11. M.-B. Lepetit, G. M. Pastor, Phys. Rev. B 58 1 (1998).
12. K. Penc, F. Mila, Phys. Rev. B 50 11429 (1994).
